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Overview

Goal: estimate quantities of the form

(wlfU)|w)

on a quantum computer.

Inputs for quantum algorithm:
|w) = some efficiently preparable state

U = some efficiently implementable unitary

Inputs for classical post-processing:

f = some function

Quantum Krylov algorithms

So far, mostly estimating ground state energies

“Quantum version of Lanczos method”

Goal is to apply to large quantum systems,

I.e., exponential-dimension matrices

We extend to estimating functions as on left



Algorithm sketch

Classical evaluation

Quantum subroutine

For any f...
Quantum output

Quadrature rule: d—1
- d nodes 4, e iln Z o f (&)
k=0

- d weights w;

= (| f(U)|y)



Why “quadrature rule”?

d—1
Generic quadrature rule: J f)du(x) ~ Z @ f(4)
X k=0
“Optimal” quadrature rules:
« For y = realinterval, “Gauss quadrature”: d nodes = exact for polynomials up to degree 2d — 1

« Fory = T = unit circle, “Szegd quadrature”: d nodes = exact for Laurent polynomials up to degree d — 1

k— d—1
e f(X) = Z o x*

k=—d+1



Where does the integral come from?

N-1

Let |y) = Z ;/jlg“j) for |CJ) eigenvectors of U
j=0

N-1 N—-1
Then (w | f(U) [y) = D 17 P F(&) = J f@du(z) for du(z) =) |y,I*8z—¢)

j=0 T j=0

So the idea of our algorithm, “quantum Szego quadrature,” is to approximate the

expectation value (y | f(U) | w) by approximating the above integral using a Szego

qguadrature rule whose nodes and weights we calculate using the quantum computer.



Quantum subroutine: guantum Arnoldi’s method

- Ideally, would like Arnoldi’s method on U, | )

* Problem: orthonormalization expensive on quantum

 Resolution: don’t orthonormalize — form matrix pencil (U, S) projecting U into Krylov space
U=VUVv, S=VV forV=[|w),U|w),U?|y),..., U |y)]

1. Approximate (U, S) on quantum computer using Hadamard test or equivalent

2. Classically Gram-Schmidt orthonormalize basis for U using Gram matrix S *

3. Formally, result is same upper-Hessenberg # as from Arnoldi

*Requires regularization



Aside: Hadamard test
XorY
|O>a — H I /7(

10) Uk

Can show:
(X) =Re[(y | U |y)], (Y)=Im[(w|U"|y)]
so (| Ur|y) = (X) + iY)

U= lU™ y), S;=w|U |y



Quantum Arnoldi’'s method™ part 2

Resultingd X d # “approximates” 2" X 2" U

— extremal eigenvalues converge — but # is
only approximately unitary

!

Project 7 to nearest unitary
1.PTDQ = % (SVD)
2.% <« P'Q

|

Resulting d X d # “approximates” 2" X 2" U
— extremal eigenvalues converge — and is

unitary — eigenvalues liein T

Quantum

approximate (U, S)

!

Regularize S

S—>S+7g

!

Orthonormalize U

for Gram matrix S

}

* “isometric” Arnoldi’s method



Quantum Szego Quadrature

. From slide 5: (y | f(U) [y) = [ f(@)du(z)
T

« From slide 8: Quantum isometric Arnoldi = d X d #Z with eigenvalues in T (complex unit circle)

. Let A, v, = eigenvalues, eigenvectors of #7

Can prove: a Szegd quadrature rule for the integral above is

d—1

J F@duE) = Y vl FA)
]

k=0
k— zeroth entry in v,



relative error

Numerical illustrations part 1

101 .
10—1 .
103 4
10—5 4
10—7 4
1079 4

1011
10—13 .

10—15 .

(wlfU)lw)

—eo— degree 1
\\,<::‘\ degree 2
—eo— degree 3
degree 4
—e— degree 5
degree 6
—e— degree 7
degree 8
—eo— degree 9
degree 10

1 3 5 7 9 11 13 15 17 19
Krylov dimension

« System: Heisenberg model

. State: ly) =

e Classically simulate quantum Szeg6 quadrature
« f = random Laurent polynomials

« Points in plot = mean errors over 10 instances
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Numerical illustrations part 2

(wlfU)ly)
—— e”(-0.001H)
1071 4 —— e”(-0.01H)
 er-0.1H) « Same system and state
104 - - ::::ig)om « Classically simulate quantum Szegd quadrature
o7 - .f(U) — Uiﬂ/At — e—ﬂH (U — e—iHAl)
107101 . . . —pH
There is a known approximation of e as a
10741 polynomial in U, which also converges exponentially,
10-16 - but it is tens of orders of magnitude worse than these
results.
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Numerical illustrations part 3
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How to think about this tool?

Uses same data as other quantum Krylov algorithms
Like quantum signal processing® or QET-U*, evaluates functions of operators on Hilbert space
Upsides:
« Does not require knowing function beforehand
« Can calculate quadrature rule, then use for any function
« Does not require calculating explicit Laurent series

» Noise robust

Downside: (so far) only for evaluating expectation values (y | f(U) | y)
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Thank you!

Questions?
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Proof sketch

1. Define p(x) = (po(x),pl(x), . ,pd_l(x)) such that orthonormal Krylov basis = {p(U)v | i = 0,....d — 1}
2. Define para-orthogonal polynomials E(x) = pj(x) + ijﬁj(x_l), 7] =1

3. Eigenvalues 4, of KT are zeros of P, and p(4,) are corresponding eigenvectors *

4.Zeros of p ;are nodes of Szegd quadrature rule *

5. Weights are w;, = ————— (following **, two applications of Christoffel-Darboux for complex unit circle)

P2 _
¢l _ 1del _ 1

6.1f v, is normalized eigenvector of Z7, || g(/lk)ﬂ =— =
[Vl | Vk,0 | | Vk,0 |

*W. B. Jones, O. Njastad, and W. J. Thron, Bulletin of the London Mathematical Society, vol. 21, no. 2, pp. 113-
152, 1989.

*W. B. Gragg, Journal of Computational and Applied Mathematics, vol. 46, no. 1, pp. 183-198, 1993.

** Section 2.9 in H. S. Wilf, Mathematics for the Physical Sciences Dover Publications Inc., New York, NY, 1962.
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